In the Essay on Profits and in his private correspondence with Malthus of the late 1814-mid 1815 Ricardo considered free importation of wage-goods as the most effective growth-enhancing policy. In order to catch this aspect into the mathematical formulation of the Ricardian system first introduced by Pasinetti (1960) we produce a variation of that model where the economy is not a closed one, but a small open one. We show that this economy is characterized by endogenous growth since the growth rate is bounded from below.
endogenous growth in the Pasinetti's formulation of the Ricardian system by a change in the assumptions concerning the consumption patterns of the various social classes so that the manufactured commodity, and not the agricultural one, turns out to be the only basic commodity. In this paper we obtain the same result with no change in the assumptions concerning consumption patterns, but through the transformation of the closed economy into a small open one.
2 Accordingly, we introduce international trade within Pasinetti's (1960) (Burgstaller 1986 , Findlay 1974 , Maneschi 1983 . In particular, Findlay (1974) commenting Pasinetti's (1960) paper has remarked that
The analysis of the effects of international trade can also be carried out on the basis of the "small country"
assumption that the world terms of trade are exogenously determined. In this connection, it is interesting to note that an increase of productivity in [gold] ... would ... lead to a diversion of labour from corn to [gold] for export, relative product prices being determined by the world market, and hence to a rise in the rate of profit and a decline in rent. (Findlay 1974, p.13) Yet, a Ricardian model à la Pasinetti with international trade has never been proposed and, though the intuition has long been around, it has never been formally shown that such a model may generate endogenous growth.
The structure of the paper is as follows. In order to provide historical background to the exercise proposed in this paper section 2 briefly recalls Ricardo's views on growth and international trade and, in particular, how a free trade policy could be able to generate indefinite growth of population (and capital). Section 3 starts from the description of technology used by Pasinetti (1960) to analyze a closed economy and introduces the assumptions required to transform its technological features into those of a small open economy. Section 4 determines commodity prices, rent and the rate of profits. The latter is determined only by the conditions of production of corn, which in turn depends on the conditions of production of gold when foreign corn is imported. Section 5 analyzes the dynamical properties of the economy under consideration and shows that, as Ricardo maintained, in a free trade regime economies may enjoy indefinite growth. Section 6 concludes.
Ricardo on growth and international trade
As noted by Kurz and Salvadori (2003) , in Ricardo's growth model "in normal conditions the pace at which capital accumulates regulates the pace at which labour, a non-accumulable factor of production, grows. Thus labour cannot put a limit to growth because it is generated within the growth process. we may contemplate an increase of prosperity and wealth, far exceeding that of any country which has preceded us.
This may take place under either system, that of importation or restriction, though not with an equally accelerated pace, and is no argument why we should not, at every period of our improvement, avail ourselves of the full extent of the advantages offered to our acceptance -it is no reason why we should not make the very best disposition of our capital, so as to ensure the most abundant return. (Works IV, p. 34) It is remarkable that five years after the Essay on Profits Ricardo, in The Funding System (1820), explicitly considered international trade as the way out from the gloomy destiny of the stationary state:
When the land of a country is brought to the highest state of cultivation, when more labour employed upon it will not yield in return more food than what is necessary to support the labourer so employed, that country is come to the limit of its increase both of capital and population. exchange for manufactured goods, and it is difficult to say where the limit is at which you would cease to accumulate wealth and to derive profit from its employment (Works IV, p. X, emphasis added).
Technology
Pasinetti (1960) describes the technology by means of two simple production functions. The physical quantity of corn produced, X 1 , is a non-decreasing concave function of the number of workers employed in corn production, N 1 :
The construction of this production function has been the subject of an exchange between Salvadori (1992, 1998a) and Morishima (1996) . See also Freni (1991) .
where x is the natural wage-rate in terms of corn (workers are assumed to consume only corn), which, for simplicity, is considered as given. 6 Inequality (1.2) has an obvious meaning: even without using labour, land alone either produces a (small) amount of corn or produces nothing, but, taking account of inequality (1.3), certainly any (small) amount of labour is enough to produce some corn. Inequality (1.3) has a strong meaning: marginal productivity of labour is larger than the natural wage-rate in terms of corn; as it will be made clear soon, this means that when a small amount of labour is applied to the production of corn, this labour is able to produce at least the natural wage rate. This means that the economy is viable. Without this assumption the economy cannot reproduce itself, also because of inequality (1.4). The meaning of this last inequality is clear:
marginal productivity of labour in agriculture is decreasing. This condition is not enough to obtain the existence of a threshold beyond which marginal productivity is lower than the natural wage-rate, so that a stationary state exists. Kurz and Salvadori (1998b, pp. 72 -73) have clarified that this condition is not enough to avoid that
and that if this inequality holds, the economy may grow forever. Therefore we will explicitly assume that function (1.1) must satisfy not only inequalities (1.2)-(1.4) but also inequality
The physical quantity of gold produced, X 2 , is proportional to the number of workers employed in the production of gold , N 2 :
where N is the total number of workers, W is the total wage-bill, and K is the physical stock of capital (both measured in terms of corn). The role of "capital" may appear peculiar in this model.
From a purely technological point of view there is no technical capital in the model, in the sense that there is no material input needed to produce either corn or gold: corn is produced by means of labor and land and gold is produced by means of labor alone. However, wages need to be advanced to workers so that capital consists exclusively of wages and profits are obtained since production requires time.
Unlike Pasinetti's original formulation, in this paper we assume that corn (gold) may be imported from abroad by exporting gold (corn). Hence we have also the 'production functions'
where I 1 is the quantity of corn imported, N I1 is the quantity of labour employed in the production of gold that is exported to import foreign corn, the p 2 p 1 ratio represents the terms of trade between gold and corn, I 2 is the quantity of gold imported and N I 2 is the quantity of labour employed in the production of corn that is exported to import foreign gold. The ratio p 2 p 1 is considered as given for the economy. This assumption obviously implies that the economy we are investigating is a small open one. Such an assumption does not correspond to the Great Britain that Ricardo had in mind when he wrote the Essay on Profits. As we show in Salvadori and Signorino (2013) , Ricardo thought that Great Britain would have been a quasi-monopsonist in the international corn market, once it had abandoned a policy of food self-sufficiency. However, the assumption of a small open economy is certainly the simplest assumption to make and it may give a clear idea of international trade as a mechanism able to perform the task to add fresh fertile land to the British island. Inequality (5.2) has the same role as the analogous inequality (1.3): any economy in which corn is imported would not be viable otherwise. Obviously, equation 3 is now to be written
Production cannot be negative and therefore the following inequalities hold
Some other assumptions on technology are required to make the model an interesting one. If ap 2 f 0 p 1 it will always be preferable to import foreign corn than to produce it domestically, since the cost in terms of labour of the gold needed to import it would be lower than the cost to produce it domestically. Since corn is never produced domestically the economy is actually a single commodity economy, with no rent and no landlords. On the other hand, if
it will always be preferable to produce corn domestically than to import it, since the cost in terms of labour of the gold needed to import it would be higher than the cost to produce it domestically.
Since gold is never produced domestically the economy is actually a single commodity economy as that analyzed by Kaldor (1955 Kaldor ( -1956 ). The only difference would be that in Kaldor's model landlords consumed corn whereas in this model exactly the same amount of corn is exported to import the foreign gold consumed by landlords. Hence inequality (1.3) is substituted by f 0
which implies inequality (1.3) because of inequality (5.2). No other change is needed since inequality (8) cannot hold because of inequalities (1.5) and (5.2).
Prices, rent and the rate of profits
Following Ricardo, and Pasinetti, the rent in terms of corn R equals the net gain of the owners of the more fertile plots of land with respect to the owners of the marginal land. That is
As is well-known, differential rent theory allowed Ricardo to tackle the problem of determining prices, profits and wages by focusing on marginal, i.e. no-rent, land, as Ricardo made clear in a letter to McCulloch, dated June 13, 1820:
By getting rid of rent, which we may do on the corn produced with the capital last employed, and on all commodities produced by labour in manufactures, the distribution between capitalist and labourer becomes a much more simple consideration (Works VIII, p. 194) .
Then prices are determined taking into account that, in a competitive equilibrium, no (no-rent) process can be able to get extra-profits and only cost-minimizing processes are operated. The former condition is obtained by the following inequalities (corn is used as numeraire):
where r is the rate of profits and p 2 is the price of gold. The latter condition is obtained by associating the following equalities to inequalities (7) and (9):
That is, if a process is not able to pay (at least) the normal rate of profits, it cannot be operated and if a process is operated it is able to pay the normal rate of profits.
It is easily recognized that the rate of profits r is determined only by the conditions of production of corn, which in turn depends on the conditions of production of gold when foreign corn is imported. On the contrary, if any commodity is imported/exported, the price of gold depends 2 is exported to import foreign corn; the rate of profits is defined by any of the equations (10.1) and (11.1), which determine the same r; an increment of N has no impact on the rate of profits.
The total wage-bill, W , and the physical stock of capital, K , equal xN . Total profits, , may be determined both as rxN or as total net output less wages and rents. If N N , then
Dynamical properties
All the formal relations we found among variables are static in the sense that they do not refer to changes over time. As we mentioned supra in fn 7, Pasinetti (1960) analyzes the dynamic path of two magnitudes, population and capital. The former affects the real wage rate: we will ignore it since in this paper we assume a given and constant real wage rate. As to the latter, Pasinetti assumes that the derivative of capital with respect to time is a known increasing function of total profits:
Obviously, function can only be interpreted as deriving from capitalists' preferences with regard to investment. Pasinetti (1960) does not attempt to determine this function. What he considers relevant is the fact that net investment is positive (and therefore the growth rate is positive) when profits are larger than a known threshold. Pasinetti also refers to "a minimum rate of profit ... necessary in order to induce capital accumulation" (p. 87 fn1), but he does not formalize this relationship in terms of rates rather than absolute values. Otherwise the relationship would have to be written as
A function of this type does not change the structure of Pasinetti's model and this is the relationship we will use in what follows.
From equations (4) and (12) 
